In this paper, we present several methods of judging shape of the solitary wave and solution formulae for some nonlinear evolution equations by means of Lienard equations. Then, using the judgement methods and solution formulae, we obtain solutions of the solitary wave for some of important nonlinear evolution equations, which include generalized modified Boussinesq, generalized nonlinear wave, generalized Fisher, generalized Klein-Gordon and generalized Zakharov equations. Some new solitary-wave solutions are found for the equations.
Introduction
The solitary waves of many nonlinear equations are important in theoretical physicists and applied mathematicians. In this paper, we consider some of nonlinear evolution equations with the solitary waves.
Soliton-producing nonlinear equations, which arise in a variety of physics, mechanics and biology, can have solitary waves with different shape. For example, compound KdV equation
has the kink and bell profile solitary-wave solutions (see [1] [2] [3] has the kink profile solitary-wave solutions (see [3, 4] ). The improved Boussinesq equation
has the bell profile solitary-wave solutions (see [5] ). The generalized Fisher equation
has the kink profile solitary-wave solutions (see [6] ). In [7] [8] [9] , Zhang and Ma consider the exact solitory wave solutions for some evolution equations. Therefore, methods of judging shape of the solitary wave for some nonlinear evolution equations are valuable and important. We will present several methods of judging shape of the solitary wave in this paper. Moreover, we find that the problem of looking for the solitary-wave solutions for many nonlinear evolution equations can be lead to solve the following Lienard equations: a (ξ ) + ra (ξ ) + la(ξ) + ma q (ξ ) + na 2q−1 (ξ ) = 0 (I) or a (ξ ) + la(ξ) + ma q (ξ ) + na 2q−1 (ξ ) = 0,
where q > 0. Kong gave the exact solution of a simple Lienard equation and its application in [10] . Now, we consider generalized modified Boussinesq equation Then, the solitary-wave solutions of Eq. (1.5) satisfy
For the nonlinear wave equation, 10) its solitary-wave solutions satisfy
Eqs. (1.9) and (1.11) are Lienard-type. They may be reduced to the Lienard equation (II) if r = 0. It is easy to know that the generalized Zakharov equations 12) can be reduced to the Lienard equation (II) by means of proper transform (see Section 6) .
In this paper, we will consider shapes of the solitary waves and the exact solutions for the nonlinear evolution equations, which can be reduced to the Lienard equation (I) or (II). This paper is organized as follows. In Section 2, we will discuss some properties and several methods of judging shape of the solitary wave for many nonlinear evolution equations by means of the Lienard equations (I) and (II). The methods of judging shape of the solitary wave are new and valuable, since solution functions can be assumed and solutions of the solitary wave are obtained more easily according their shape. Using assumption of solution functions, the kink and bell profile solitary-wave solutions for the Lienard equation (I) and (II) are found in Section 3. The explicit exact solutions of Eqs. (I) and (II) for any real parameter q > 0 are new results. Applying the results obtained in Sections 2 and 3, the kink and bell profile solitary-wave solutions for generalized modified Boussinesq equation (1.5), generalized nonlinear wave equation (1.10), and generalized Zakharov equation (1.12) are found in Sections 4, 5 and 6. In [5] , the exact solutions of Eq. (1.5) were obtained only in cases
The exact solutions of Eq. (1.12) only for p = 1, b 1 = 0, b 2 = 0 were found in [11, 12] .
In this paper, we obtain the explicit exact solutions of these equations for any real number p > 0, which include previous results as special cases. Moreover, many new exact solitary-wave solutions are found for modified improved Boussinesq equation, generalized Fisher equation and Zakharov equation.
Properties of the solution functions and methods of judging shape of the solitary wave
We consider some important properties of the solution for the Lienard equations (I) and (II), which satisfy the condition
Multiplying Eq. (I) by a (ξ ) and integrating once, we have
where c 1 is a integrating constant. Let ξ → −∞ in (2.2), then we obtain from the condition (2.1) that respectively. Combining the (2.5) and (2.6), we have
By substituting (2.7) into (2.4), the following useful formulae for the solutions of the Lienard equation (I) with the condition (2.1) are obtained
In view of (2.8) and (2.9), we have the following properties of solitary-wave solutions for some nonlinear evolution equations, solutions of which can be found by means the Lienard equations (I) or (II). 
Property 4. Let a(ξ) be a solution of Eq. (II) with the condition (2.1). Then, the asymptotic values of a(ξ), C + and C
The property is deduced from (2.4) and (2.7).
Property 5.
Let q be a natural number. If the nonlinear evolution equations, which can be reduced to Eq. (II), have a solitary-wave solution of kink profile with asymptotic values C + = −C − = 0, then the following formula holds:
The property is obtained from (2.11) directly.
Using (2.8), (2.9) and above properties, the following judgement methods can be proved: The judgement method is given by Judgement method 3. 
Judgement method 5. Assume that the nonlinear evolution equations can be reduced to the following equation:
Using C − = 0, we have m = 0, which is contradictory with assumption m = 0. The method 5 is obtained. ✷ These judgement methods inform us shapes and formulae of the possible solutions of the solitary wave for many nonlinear evolution equations, when the solutions are unknown. At the same time, the methods also are an guidance to find exact or approximation solutions. Now, we consider two examples. The first one is KdV equation,
with conditions 15) and the asymptotic values C ± which satisfy
It is easy to know that the solution of the problem (2.14)-(2.16) satisfies
It follows from Judgement method 5 that the problem (2.14)-(2.16) only possibly has a solution of the bell profile, which has been found in [13] . Therefore, we do not need to consider other solutions of the solitary wave for the problem. The second example is the modified improvement Boussinesq equation
with condition (2.15) and the asymptotic values C ± which satisfy
The solution of above problem satisfies
In view of Judgement method 4, the problem (2.15), (2.18) and (2.19) only possibly has a solution of the bell profile, which has been found in [5] , or a solution of the kink profile with C + = −C − = 0. Thus, We will try to find new such solitary wave in Section 4.
Exact solutions of the Lienard equations (I) and (II)
We first consider the kink profile solutions of the Lienard equation (I). Let
then it follows from Eq. (I) that
Now, we assume that solution of Eq. (3.2) has the following form:
Solve (3.4) lead to the following two groups of solutions: 
.
then Lienard equation (I) has another kink profile solution
where A 1 and A 2 is given by (3.5).
It is easy to verify that the solutions (3.6) and (3.7) for the Lienard equation (I) satisfy the condition (2.1) and their asymptotic values satisfy the algebraic equation
Direct calculation implies that a 1 (ξ ) and a 2 (ξ ) satisfy formulae (2.8) and (2.9). When r = 0, we have that
Hence, the following theorem is obtained from Theorem 1. 
, (3.10)
It is clear that the solution (3.10) satisfies the conditions (2.1) and its asymptotic values satisfy (2.10) and (2.11). Now, we are to find the bell profile solution for Eq. (II). Substituting Eq. (3.1) into (II) implies that
We assume that solution of Eq. (3.11) has the following form:
where A, B and α are constant to be given, ξ 0 is an any parameter. Substituting (3.12) into (3.11), we obtain
Solve (3.13) lead to the following two groups of solutions:
(3.14)
Substituting (3.14) into (3.12), we get two solutions of Eq. (3.11)
and
It is easy to verify that qm 2 − nl(1 + q) 2 > 0, under the condition of l < 0, q = 1 and n 0; φ 1 (ξ ) > 0, ∀ξ ∈ R, if n > 0, or n = 0 and m > 0; φ 2 (ξ ) < 0, ∀ξ ∈ R, if n > 0, or n = 0 and m < 0. From the above discussion, the following theorem is obtained. It is easy to verify that the solutions (3.17) and (3.18) of the Lienard equation (II) satisfy the condition (2.1) and a(ξ) → 0, as |ξ | → ∞. Hence, the solutions have bell profile.
Using the similar deduction, the following theorem is gotten 
In Theorems 1-4, the kink solutions for Eq. (I), and the bell and kink solutions for Eq. (II) are found. But, it is possible to have other solutions of the bell or kink profile for Eqs. (I) and (II). For example, the equation Find the kink profile soliton of (3.21) for k = 1 is a valuable problem.
In the Sections 4-6, we will apply the results given in Sections 2 and 3 to find the solitary-wave solutions of several nonlinear evolution equations.
The exact solitary-wave solutions for generalized modified Boussinesq equation
Consider solutions of the solitary wave for the generalized modified Boussinesq equation
; in (4.1), respectively, we have the improved Boussinesq equation
and modified improved Boussinesq equation
Let u(x, t) = u(x − vt) ≡ u(ξ ) be a traveling-wave solutions for Eq. (4.1) in the conditions (1.6), (1.7). Then, the solitary waves satisfy the equation 
,
) has a solution of the kink profile with
|C + | = |C − |, u(x, t) = A 1 2 1 + tanh p 2v 1 − b 3 δ(p + 1) A 1 (x ± v 1 t + ξ 0 ) 1/p . (4.5) (2) If p makes A 1/p 2 meaningful and b 1 + b 2 A 2 + b 3 A 2 2 > 0, then Eq. (4.1
For the generalized modified Boussinesq equation without dissipative term (r = 0),
and the conditions (1.6), (1.7), its solitary-wave solutions satisfy
Comparing (4.8) with Eq. (II), Theorems 2-4 imply that Theorem 6. Suppose that v is traveling wave velocity. 
where wave velocity 
and a kink profile solution of Eq. (4.3) with
The solution (4.15) is a new soliton for the modified improved Boussinesq equation (4.3).
The solitary-wave solutions for generalized nonlinear wave equation
Consider generalized nonlinear wave equation 
Take r = 0, δ = 1 in (5.1) implies generalized one-dimensional Klein-Gordon equation [14] 
It is easy to get that the traveling-wave solutions u( 
and 
and its solitary-wave solutions 11) which are the same as the solutions given in [15] .
in Theorem 7, then we have another generalized Fisher equation 12) and its solitary-wave solutions
where (5.13) has been given in [16] and the solution (5.14) is our new result. Hence, we can apply the approaches and formulae given in this paper to look for the explicit exact solitary-wave solutions of these equations.
